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Abstract

In this search, we assume the singular initial value problems of order (n+2). We give the two
new operator for studying this problems and we give illustrations this method by some
examples, the linear and nonlinear examples prove that the presented method is reliable,
efficient, easy to implement.
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1. Introduction

Assume the singular initial value problem  of (n+2) order as:
m

Y 4 2yt = (0 + () L n=1, m>0 &

y(0) ='(0) = y"(0) = -+ = y"*(0) = 0

Where g(x) and f(x,y) is a real functions.

the singular initial value problems of ordinary differential equations which called Emden-
fowler equations[5-8,12,13] assumed by many mathematicians and physicists, The well-known
Emden-fowler equations have been used to model several phenomena in mathematical physics
Adomian's decomposition method [1-3] presented by George Adomian, it is powerful and
reliable method for solving various kinds of problems arising in applied sciences,, The method
gives approximate solutions which converge rapidly to accurate solutions. Some modifications
on the ADM was introduced by numerous different creators [4,6-9,12,13].

In this paper we introduce a new reliable modification of ADM a two new differential operator
is defined which can be used for higher order singular initial value problems, the first for odd
order (2n+1) and the second for even order (2(n+1)). Some numerical examples, with specified
initial conditions will be examined to handle the singular point that exist in each equation.

2. Adomian Decomposition strategy (The First Adjusted)

The first differential operator L is defined by:

1) = e Lymon L on L @
o dx dxt o odxnt U

Which gives the left side of differential equation as:
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m
y(2n+1) + ;y(Zn) =gx)+f(x,y), n=1, m>0 3)

y(0) =y'(0)=y"(0) = .= y®(0) =0
Where g(x) and f(x,y) is a real functions.
We rewrite (3) in the form

Ly =g(x) + f(x,y) (4)
The inverse operator L™ is defined, as below
X X X X X
() = x"f f x-znf f xn-m f ™ ()dox ... dx )
0 0 0 0 0

Applying L~ on (4) we find
LY (Ly) = L7 (g(0) + L' (f (x, )

y(x) = L7 (g(x) + L7 (f (x,¥)) (6)
The Adomian decomposition method introduces the solution y(x) by an infinite series of
components
Y = ) @ @

n=0
and
fy) =) Ay ®

n=0

Where the components y,(x) of the solution will be determined recurrently. Specific
algorithms were seen in [10-11] formulate Adomian polynomials. The following algorithm:

Ay = f(uo)
Ay = f'(upwy

1
Ay = f'(up)u, + Ef”(uo)u%

1
Az = f'(upus + f'(uluqu, + Ef’”(uo)u%' 9

can be used to coﬁstruct Adomian polynomials, when f(u) is a nonlinear function.
By substituting (7) and (8) into (6),

D ) =L (g + 171 Y 4, (10)
n=0 n=0

Through using Adomian decomposition method, the components 1y, (x) can be determined as
Yo =L(g(x))

yn+1(x) = L_lAn n = 0, (11)
Which gives

Yo = L7 (g(x)),

Y1 = L_le )

Y2 = LA,

y3 =L7'A,, (12)

From (8) and (11), we can determine the components y,, (x), and hence the series solution of
y(x) in (7) can be immediately obtained.
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3. llustrative Examples
Example 1. We assume the non-linear initial value problem:

1
y" + ;y” =12 + x° —y?, (13)
y(0) =0, y(0=0, y"(0)=0.
with exact solution = x3.
Eq.(13) can be written as
Ly =12 + x° — y?, (14)
Where differential operator

d? d

S S S s |
L()=x 25 ),

And inverse operator

L71() =t fxx‘z fxfxx ()dxdxdx.
0 0o Jo

on both sides of (14), and using the initial conditions at x = 0, yields

y(x) = L(12+x%) - L' (y?), (15)
Substituting the decomposition series y,(x) for y(x) into (15) gives

Y @ = 1711242 - 170, (16)
n=0

yo = L7112 + x©),

Yni1=—L7'(4,), n=0. (17)
Ay =5,

Ay = 2y0y1,

Ay =i +2y0y, (18)

Using (18), the first several calculated solution components are

34— .9
yo x° + 576x B
y, = =L () = ———x° — 1 x15_;x21
1 g 5767 846720 _ 2786918400 ’ -
— _L—l 2 — 15 21 27
Y2 (2y0y1) = 526750 T 341397504000 ° T 178033921228800°
+ 1 x33
54245114825932800
— _[-1(y2 42 _ _ 21 _ ..
bE 1 + 2y0¥2) = ~ 55555008000 ©
We note that:
1 1
9 T 49— 0
576" 576 .
_ 15 15 _
846720 " T 846720"
1 o, 341 . 437 21—

2786918400 341397504000 682795008000 _
Other components can be evaluated in a similar manner. Which gives the exact solution

y(x) = x° (19)
Example 2. We assume the non-linear initial value problem:

2
" +=y" + (18 +36x%)e ™ = 0 (20)
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y(0)=0, y'(0)=0, ¥"(0)=0

with exact solution = In(1 — x3)
Eq.(20) can be written as
Ly = —(18 + 36x3)e™3
Where differential operator
— N2 d d 2 d -1
L(.)—x aXax ax ()
And inverse operator

X X X
L1() = xf x‘zf x‘lf x? ()dxdxdx
0 0 0

on both sides of (21), and using the initial conditions at x = 0, yields

y(x) = L71((—18 — 36x3)e™3Y)
Substituting the decomposition series y,(x) for y(x) into (22) gives

D 0 = LN (=18 - 36x%)e ™),
n=0

Yo =10
Yn+1 = LH((=18 = 36x°)4,), nz=0
Ay = e 3o

A, = —3e oy, + —e oyl
Yo=0 "
_ .3 6 4 _— .9
e 1; 2 ;165x 523 13 1
_ 26 _ 2 .9_ 12 _ 15 _ 18
Y2 238x 72069; 5605564"1 . 616002x7 62700
— 9 _ 12 _ 15 _ 18
3= 720" T1760° T 192500° 18700
y(x) = —x3 —-xb — 1x9 —
ox® ==

That converges to the exact solution = In(1 — x3) by Taylor series.

Example 3. We assume the linear initial value problem:

y(5)+;y(4) =4+x5-5y,

y(0)=0, y'(0)=0, y"(O=0, y"0)=0, y®WO)=0.

With exact solution = %xS.

EQ.(27) can be written as
Ly =4+x>—5!y,
Where differential operator
d d? d?
— =3 N A -2
LC) = x dx " dx?* dxz” ),
And inverse operator

X X X X X
L) = xzf f x‘4f f x‘lf x3 ()dxdxdxdxdx.
0 Jo 0 Jo 0

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)
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On both sides of (28), and using the initial conditions at x = 0, yields
y(x) = L71(4 + x>) — L71(5! y).
Substituting the decomposition series y,(x) for y(x) into (29) gives

D ) =L+ %) - 151y,
Yo = L4+ 3%,

Yne1 = —L7*(5'4,), n=0,
Using (31), the first several calculated solution components are

1 1
— .5 10
Yo 120x +45360x ’1 1
==L (5!yo) = = gmme ¥ — ek
V1 (5'y0) 45316()x 1733659201x '
= —L71(5! = ————x" )
Y2 (5!'y1) 1733659210x + 3191839953120x

20 25

T 3191839953120~ 193808521953446400

y3 = =L (5!y,) =

(29)

(30)

(3D

)

Other components can be evaluated by same the manner. We note that the components appear
with opposite signs from term to another. Canceling these terms together from series solution

gives the exact solution
1

y() =gt

4. Adomian Decomposition strategy (The Second Adjusted)
The first differential operator L is defined by:

d dn+1 n

— - 2n+1 -n-1
LC) = 2 X g mxC)
Which gives the left side of differential equation as:

m
y@o+) | ;y<2n+1> =g +flxy) ,n=1, m>0

y(0) =y'(0) = y"(0) = -+ = y*"*(0) = 0
Where g(x) and f(x,y) is a real functions.

We rewrite (34) in the form

Ly =g(x) + f(x,y)

The inverse operator L1 is defined, as below

X X X X X

L) = x”“.f f x‘l‘znf f x”‘mf x™()dx ...dx
0 0 0 0 0

Applying L~ on (35) we find

L™ (Ly) = L' (g(x)) + L1 (f (x, )
y(x) =L (gx) + L1 (f (x, )

(32)

(33)

(34)

(35)

(36)

(37)

The Adomian decomposition method introduces the solution y(x) by an infinite series of

components

y() = ) @)
n=0

and

(38)
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fEy) =) An (39)
n=0

where the co_mponents vy, (x) of the solution will be determined recurrently. Specific algorithms
were seen in [10-11] formulate Adomian polynomials. The following algorithm:

Ay = f(uo)
Ay = f(upwy

1
Ay = f'(up)uy + Ef”(uo)u%

1
Az = f'(uolus + f'(ug)ugu, + af’”(uo)uf, (40)

can be used to construct Adomian polynomials, when f(u) is a nonlinear function.
By substituting (38) and (39) into (37),

D @ =1 g + L7 ) Ay (41)
n=0 n=0

Through using Adomian decomposition method, the components 1y, (x) can be determined as
Yo = L™ (g(x))

yn+1(x) = L_lAn n = 0, (42)
Which gives

Yo = L7 (g(x)),

yl = L_lAO )

y2 = L_lAl ]

y3 =L7'4;, (43)

From (40) and (43), we can determine the components y,, (x), and hence the series solution of
y(x) in (38) can be immediately obtained.

5. Hlustrative Examples
Example 1. We assume the non-linear initial value problem:
2

y® + ;y”’ =72 —x% +y? (44)
y(0)=0, y'(0=0, y"(0)=0.
the exact solution is y(x) = x*.
Eq.(44) can be written as
Ly =72 —x8% +y?, (45)
Where differential operator

d d? d
L() =x2—x—x>—x"2(.

) _ S T PR )

And inverse operator

X X X X
L) = xzf x‘3f f x‘lf x~2 () dxdxdxdx.
0 o Jo 0

on both sides of (45), and using the initial conditions at x = 0, yields

y(x) = L7172 — x®) + L71(y?), (46)
Substituting the decomposition series y,(x) for y(x) into (46) gives

Y @ = 1172 =60 + 170, (47)
n=0
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Yo = L71(72 — x¥®),

Yn+1 = =LA, n = 0.
Ay = )’g ’

Ay = 2y0y1,

Ay = yi +2y0y2

Using (49), the first several calculated solution components are

1
— 4 12
Yo =X : 14520° . ,
_ 12 _ 20 28
Y1=14520% T 943500600 | 111890223244800°
y =;xzo _ 53 x28 4 ...
2 = 943509600 2423542235482368
1567 .
y3 ol x —_— e
121177111774118400
We note that:;
1 1
- 2 = 12
14529x 14520
943509600~ ' 943509600
1 i, ” 1567

111890223244800x _2423542235482368x 121177111774118400

(48)

(49)

x?8 =0

Other components can be evaluated in a similar manner. Which gives the exact solution

y(x) = x*

Example 2. We consider the non-linear initial value problem:
4
y@%+;y”—8@5—1ﬂn4+4&ﬁ4<w%e4y=0

y(0) =0, y'(0©=0, y"(0)=0, y"(0)=0
with exact solution = In(1 + x*)
Eqg. (51) can be written as
Ly = 8(15 — 129x* + 49x8 + x12)e~%Y
Where differential operator
— 4 d 3 d’ 3 d -2
L()=x dxx dxzx dxx )

And inverse operator
X X X X

L71() = xzj x‘3j J x‘3j x* ()dxdxdxdx
0 0 YO0 0

on both sides of (52), and using the initial conditions at x = 0, yields
y(x) = L71(8(15 — 129x* + 49x8 + x12)e~%)
Substituting the decomposition series y,(x) for y(x) into (53) gives

Z Yo (x) = L71(8(15 — 129x* + 49x8 + x12)e™%),

n=0

Yo =0
Va1 = L7H(8(15 — 129x* + 49x° + x12)4,), n >0
Ay = e o,

A} = —4y,e™ o,
Ay = —4y,e™"° + 8yfe "0yt

(50)

D

(52)

(53)

(54)

(55)
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—4y -4y 32 3 ,—4y,
Az = —4yze”™° + 16y,y,e” "0 — 3 Vie o, (56)
Using (56), the first several calculated solution components are
Yo =0 43 49 1
S e - 12 16
R TR TV Ty T i
__10 , 11266 ,, 560759
Y2 = Te3* 45045 T 10720710
_ 544 . 25972
Y3 T9009" 153153
__ 100%
Y4 = T357357%
y(x) =x* - lx8 + 1x12 — 1x16 + (57)
3 3 2

That converges to the exact solution = In(1 + x*) by Taylor series.

Example 3. We assume the linear initial value problem:
1
y(6)+;y(5) =2-x%+6ly, (58)

y(0)=0,y'(0=0, y'(0)=0, y"0)=0, y®©)=0, y®(0)=0.
With exact solution = éx?

Eq. (58) can be written as
Ly=3—-x°+6ly, (59)
Where differential operator
d d3 d?
— -1 -1 " .5 " -3
LC) x dx* dxdt axz” ),
And inverse operator

X X X X X X
L) = x3J j x‘5J j f xj x ()dxdxdxdxdxdx.
0 Y0 0o J0 YO 0
On both sides of (59), and using the initial conditions at x = 0, yields

y(x) = L71(2 —x%) + L71(6!y). (60)
Substituting the decomposition series y,(x) for y(x) into (60) gives
D ) =L@ = %) + L7(6!9), (61)
n=0
yo = L71(2 — x°),
yor1 =L71(6!4,), n=0. (62)
Using (62), the first several calculated solution components are
Vo = ixe _ 1 x12

07720 760322 ’ .

— L—l 6! — 12 _ 18’

71 (61%0) = 760320%  ~ 15200317440~
y — L—1(6|y ) — 1 x18 _ 1 x24-

z 1 15200317440 2153580974899200
y3 = L—1(6|y ) — 1 x24- _ 1 x30

3 2 2153580974899200 1329892245105603379200 " '
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Other components can be evaluated by same the manner. We note that the components appear
with opposite signs from term to another. Canceling these terms together from series solution
gives the exact solution

1
y() =% (63)

6. Conclusion

In this work, we have used the adjusted Adomian decomposition strategy for solving singular
initial value problems of higher odd-order. We have presented a two new differential operator
for solving this problems. We have demonstrated that the strategy is quick convergent for
solving IVPs. The given examples illustrate the advantages of using the proposed method in
this work for these kinds of equations. Finally the adjusted Adomian decomposition strategy is
effective and efficient in finding the analytical solutions for a wide class of initial value
problems.
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